An analytical procedure is developed to predict workpiece dynamics in a complete machining cycle in order to obtain frequency response functions (FRF), which are needed in chatter stability analyses. For this purpose, a structural modification method that is an efficient tool for updating FRFs is used. The mass removed by machining is considered to be a structural modification in order to determine the FRFs at different stages of the process. The method is implemented in a computer code and demonstrated on different geometries. The predictions are compared and verified by FEA. Predicted FRFs are used in chatter stability analyses, and the effect of part dynamics on stability is studied. Different cutting strategies are compared for increased chatter-free material removal rates considering part dynamics.
Introduction
Self-excited chatter vibrations in machining result from dynamic interactions between cutting tool and workpiece which may yield instability. Chatter causes poor surface finish, increased tool wear, damage to the machine tool and reduced productivity. Previous research indentified regenerative mechanism as the main source of chatter. The regenerative chatter can be explained as the vibrations induced by the phase shift between the waves generated in successive passes on the same surface [1, 2] .
The theory of chatter in metal cutting was established by Tobias and Fishwick [3] , and Tlusty and Polacek [4] . Later, the regenerative effect was modeled using the feedback control theory by Merritt [5] . Application of the receptance function to chatter prediction was offered by Tlusty [6] . The stability of milling is more complicated than orthogonal cutting due to the tool rotation, as this results in varying dynamics. Minis and Yanushevski [7] formulated the chatter in milling using Floquet's theorem and Fourier series and determined the stability limits numerically using the Nyquist stability criterion. By extending this approach, Budak and Altintas [8, 9] presented an analytical method for the stability prediction of milling. This method can be used to generate stability diagrams very efficiently.
Stability diagrams can be used effectively as a remedy for the chatter problem. In these diagrams, stable cutting depths are calculated using chatter models for different spindle speeds [1] [2] [3] [4] [5] [6] [7] [8] [9] . In the generation of stability diagrams, in addition to the chatter stability model, the total dynamic response at the cutting point, which includes tool point and part FRFs, must be known. The tool point FRF can be obtained by analytical methods or by experimental techniques. The application of receptance coupling techniques in the prediction of tool point FRF by combining tool and spindle point FRFs was first proposed by Schmitz et al. [10, 11] . This approach was later extended by Ertürk et al. [12] [13] [14] . They considered the Timoshenko beam model for the tool as well as contact dynamics at the interfaces and bearing support for increased accuracy. Experimental modal analysis can also be used to obtain tool dynamics.
For a flexible workpiece, FRFs of the part must be known for all stages of the machining cycle. Part dynamics prior to and after machining can be determined by experimental techniques or FEA. However, it would not be practical to use these methods for each stage of manufacturing because the part geometry, and thus the dynamics, varies continuously. The effect of the workpiece dynamics on chatter has been investigated by several researchers. Bravo et al. [15] and Thevenot et al. [16, 17] demonstrated that for thin-walled structures, part dynamics affects stability. They proposed the three-dimensional stability lobe diagram, the third dimension being the steps of the machining process or the tool position. The stability lobe diagrams for the intermediate stages of machining are plotted to obtain the 3D stability diagram. Le Lan et al. [18] used the finite element method to determine the stable depths of cut over a machining process and showed them on a stability map. A model considering the effect of part dynamics during milling was developed by Mañé et al. [19] . They optimized productivity by controlling the spindle speed during machining. Weinert et al. [20] studied the five-axis milling process in a time do-main and modeled the workpiece using FEA. The material removal effect was introduced to chatter stability by Atlar et al. [21] . They modeled the workpiece as a beam considering changes in its dynamics and, therefore, the chatter stability as the workpiece is machined.
In this study, a structural modification technique is employed to predict the part dynamics during a complete machining cycle. In the method applied, the effect of removed material on the workpiece dynamics is considered. Based on the practical methodology presented, chatter stability analysis and predictions can be performed more accurately by considering the complete structural dynamics of a machining system.Özgüven [22] developed an exact and general method for structural modifications using FRFs. The method is applicable even for cases with additional degrees of freedom due to modification. The input for the method is the FRFs of the original system and the dynamic properties of the modifying structure. The FRFs of the modified structure are obtained as the output of the method at each machining step.
Chatter Stability
The limiting depth of cut for an orthogonal cutting process is given by Tlusty [2] as:
. . . . . . . . . (1) where K s is the cutting force coefficient in the chip direction relating the cutting force and the cutting area, and G(ω) is the FRF of the system. If the part dynamics is neglected, then the tool point FRF is directly taken as G(ω). However; if the flexibility of the workpiece is considered, the FRF of the system is calculated by the addition of the tool point FRF and the workpiece FRF at the contact position [21] :
The analytical milling stability limit is given by Budak and Altintas [8, 9] as
where N is the number of cutting teeth on the tool, and Λ R is the real part of the eigenvalue of the dynamic cutting system, and can be determined from the following expressions [8] :
where
Here, G xx and G yy represent the sum of the tool point and workpiece FRFs in the x and y directions, respectively, as defined in Eq. (2) . κ is the ratio of the imaginary and the real parts of the eigenvalue:
Eq. (6) can be solved to obtain a relation between the chatter frequency and the spindle speed [8, 9] as follows:
where ε is the phase difference between the inner and outer modulations, k is an integer corresponding to the number of vibration waves within a tooth period, and n is the spindle speed (rpm). Therefore, for a given cutting geometry, cutting force coefficients, tool and workpiece FRFs, and a chatter frequency ω c ; Λ I and Λ R can be determined from Eq. (4) and can be used in Eqs. (7) and (3) to determine the corresponding spindle speed and the stability limit. When this procedure is repeated for a range of chatter frequencies and number of vibration waves, k, the stability lobe diagram for a milling system is obtained.
Prediction of Part Dynamics

Theoretical Background
In this section, the structural modification method with additional degrees of freedom will be introduced. The method applied is the Matrix Inversion Method, which is an FRF-based structural modification method developed byÖzgüven [22] . Using the FRFs of the original system and the dynamic structural matrix of the modifying system, the FRFs of the modified system are calculated. Two different formulations are given in this method. The first one is applicable to structural modification without adding new degrees of freedom. The second one is for the systems which have additional degrees of freedom due to the modification. In this work, structural modification with additional degrees of freedom is used since degree of freedom change is necessary to model the material removal in machining steps.
The formulation of the structural modification with additional degrees of freedom is given below. The equation of motion for a dynamic system can be written as:
In the above equation, [M], [H], and [K]
are the mass, structural damping, and stiffness matrices of the system, respectively. {F} and {x} vectors are the generalized force and coordinate vectors. The response {x} of the system to a harmonic force {F} with frequency ω can be expressed as:
The receptance matrix, [α] , is defined by:
A structural modification to the original structure may 
The receptance matrix, [γ], of the modified structure is in the form of:
The coordinates of the modified structure can be divided into three groups. The first group, (a), involves the unmodified coordinates of the original structure. The second group, (b), is the group of coordinates which are contained by both the original and the modifying structures. The coordinates in the third group, (c), are the ones which belong only to the modifying structure. Using this classification, Eqs. (10) and (12) can be rewritten as follows:
Note that in the above equations, α i j and γ i j are submatrices of [α] and [γ], respectively. After some matrix manipulations, the parts of the receptance matrix of the modified structure are obtained as:
In the above formulation only a single matrix inversion is necessary. The order of this matrix is equal to the degree of freedom of the modifying structure, and it is generally much less than the degree of freedom of the modified structure. Note that the computational effort for matrix inversion becomes extremely high if the size of the matrix increases. Therefore, this method brings computational efficiency for local modifications.
The formulation described above is implemented in Matlab software. In the program, first of all [α] and [D] are re-organized for matrix operations by identifying the intersecting nodes. The elements of [α] for the coordinates on the intersecting nodes must be on the lowermost rows and rightmost columns. Similarly, the elements related to the intersecting coordinates of the [D] matrix must be on the topmost rows and leftmost columns. Then, Eqs. (15) through (18) are used to calculate the components of the FRF of the modified structure, [γ].
Workpiece Dynamics Prediction Procedure
In the procedure implemented, FRFs of the workpiece at different machining stages are calculated based on its FRF at the final stage of machining, i.e. the finished geometry modeled with FEA using Ansys software, and by using the formulation given in section 3.1. The whole procedure can be divided into three steps: geometric and FE modeling, modal analysis and FRF extraction, and structural modification and FRF prediction.
The part geometry must be defined for each stage of the machining process in which its dynamics is required. The volume removed between two successive stages is modeled separately. The geometry of the workpiece can be modeled by CAD software whereas dynamic analysis can be done by FEA software. In addition, the dynamics at intermediate machining stages can be predicted using the structural modification formulation presented. The unmachined model is meshed using three-dimensional solid elements. The data obtained by meshing are saved to be used in the following steps. These data include the element numbers on each volume, the node numbers on each element, and the coordinates of each node. The natural frequencies and the corresponding mode shapes are extracted from the FEA solutions and used in the calculation of the FRF of the machined workpiece. The elements of the FRF, α i j , can be written in terms of the natural frequencies, ω r , and the mode shapes, {ϕ r }, as in the following equation:
where ω is the frequency for which the elements of the FRF are calculated and γ r is the damping coefficient of the rth mode. In FRF calculations, some degrees of freedom can be eliminated if there is no modification done on them or their dynamics are not required. This is another advantage of the method proposed. The FRFs in different machining stages are obtained by adding, step by step in reverse order, the mass removed during machining, to the finished part geometry. For a removed volume, the elements can be added one by one, or as a group, depending on the number of machining stages for which FRFs are to be determined. If the number of elements added at each step is increased, the number calculation steps, and thus the computation time, decreases. However, as the number of elements added in each step increases, the size of addition matrices increases. The time for inversion and assembling the dynamics matrix becomes important as the size of the addition matrices increases. In order to minimize the computation time, for a single frequency, the structural modification procedure is applied for the different number of elements added at each step. For the whole frequency range, the number of elements that gives the minimum computation time is used.
Machining Stability Analysis
In this section, machining of a plate is modeled and stability analysis is performed for different cutting strategies. The dynamics of the plate is predicted for different stages of the machining cycle. Stable cutting conditions are obtained from the machining stability analyses. The effect of workpiece dynamics on productivity is investigated by comparing the results of stability analyses for different strategies.
Prediction of Workpiece FRF
A plate of Al 7075 alloy 70 mm high × 70 mm wide × 9.5 mm thick is modeled. The plate is to be machined along its thickness in order to drop the thickness from 9.5 mm to 3 mm. The geometry for the unmachined plate is shown in Fig. 1 . The material properties are taken as modulus of elasticity of 70 GPa, Poisson's ratio of 0.33, and density of 2800 kg/m 3 . Damping of the system is modeled as structural damping with a damping coefficient of 1.52%.
The workpiece under investigation can be machined using different approaches. The two main methods consid- Table 1 . Removal types and layer thicknesses of the strategies. ered here, namely layer removal and step removal, are shown in Fig. 1 . In layer removal, at each cutting cycle, e.g., roughing or finishing, the whole plate is brought to the same thickness by machining the plate from one end to the other. In the step removal, on the other hand, the part is brought to the final dimension at each step by applying all cutting cycles. Depending on the method selected and the cutting conditions used, part dynamics and chatter stability are affected significantly. In this case study, the machining of the plate in terms of volume removal is modeled in three steps in the x and y directions and in five steps in the z direction. Different cases will be analyzed representing different thickness changes, i.e., different radial depth of cuts, during machining. A total of six strategies will be analyzed (3 layer removal, 3 step removal). The removal type and the thicknesses of the layers for the strategies modeled are given in Table 1 . The thickness of the part for Case A varies as follows: 9.5 mm, 6.5 mm, 4.5 mm, 3 mm. The volume division for case A is shown in Fig. 1 . In order to indicate the position of machining, i.e., tool position, a coding convention is used: A i j k. Here, the letter denotes the cutting strategy applied, and the numbers (i, j, k) stand for the corresponding cutting steps in the y, z and x directions, respectively. The step A 1 1 1 is the removal of the first element from the unmachined workpiece. Using the procedure described in section 3, the dynamics of the workpiece at each step is predicted for the point that is in contact with the tool.
The machining steps A 1 1 1, A 1 1 2, and A 1 1 3 are illustrated in Fig. 2 whereas the corresponding FRFs in the y direction are shown in Fig. 3 . It should be noted that the workpiece is quite flexible in the y direction; hence FRFs are plotted for only this direction. As the machining process progresses, the tool moves down in the z direction. Different steps in the z direction, A 1 1 1, A 1 2 1, A 1 3 1, A 1 4 1, and A 1 5 1, are shown in Fig. 2 . The corresponding FRFs in the y direction can be seen in Fig. 4 . From this figure, it can be seen that the magnitude of the receptance around the fixed end of the workpiece is much lower than that near the free end, as expected.
The effect of the decreased part thickness on the part dynamics can be seen in Fig. 5 , which shows the FRFs during the machining of the first steps of each layer. As expected, the magnitudes of the FRFs increase as the thickness of the plate is reduced.
Effects of Workpiece Flexibility on Stability Diagrams
The FRFs of the workpiece at all the steps are used in the machining stability analysis to determine the chatterfree depth of cuts. The stability analysis is done using CutPro [23] , a machining simulation program developed by the Manufacturing Automation Laboratories of the University of British Columbia. Note that experimentallyobtained tool point FRFs are used in the analysis to in- clude the dynamics of the spindle-holder-tool system. The FRFs, in the x and y directions, of the tool used in the analysis are given in Fig. 6 and Fig. 7 . The tool used is Table 2 . Stability limits (mm) for strategy A. The stability lobe diagrams obtained using CutPro for the steps A 1 1 1, A 1 1 2, and A 1 1 3 are shown in Fig. 8 . Therefore, the diagrams shown in Fig. 8 correspond to the variation in the stability limits as the plate is machined from one end to the other during the first layer of cut at the free end, i.e., at the beginning of ma- Table 3 . Stability limits (mm) for strategy B. Table 4 . Stability limits (mm) for strategy C. Table 5 . Stability limits (mm) for strategy D. Table 6 . Stability limits (mm) for strategy E.
chining. It can be seen from the diagrams that, although the dynamics of the workpiece do not change significantly in these steps, the lobe positions vary substantially. The stability lobe diagrams for the steps, A 1 1 1, A 1 2 1, A 1 3 1, A 1 4 1, and A 1 5 1 are plotted in Fig. 9 . As the stiffness of the workpiece increases, so does the limiting depth of cut. The stability diagrams for the initial steps of each layer removal are shown in Fig. 10 . The flexibility increases as the thickness is reduced and the stable depth of cut decreases.
Different Cutting Strategies
The machining of the plate is modeled with six different cutting strategies. In this section, these strategies are described in detail. The limiting stable depths of cuts and corresponding machining times are compared for all strategies. The stability limits obtained for the strategy A are given in Table 2 . Figs. 11 and 12 show the stability limits for the first and second layers in strategy A. As ex- Table 7 . Stability limits (mm) for strategy F. Table 8 . Number of passes for the steps of strategy A. Table 9 . Total number of passes and machining times for six strategies considered.
pected, the stability limits increase near the fixed end of the plate. The minimum of the three stability limits along the x direction is taken as the limiting depth of cut in the corresponding step. Tables 3, 4 , 5, 6, and 7 present the limiting depths of cut for strategies B to F, respectively.
The height for each step modeled is 14 mm. The number of passes required to remove material 14 mm in height can be calculated by rounding to the first integer greater than the ratio of the height to the limiting depth of cut.
The number of passes required for strategy A can be calculated using the limiting depths of cut values listed in Table 2 . Table 8 shows the number of passes for each step for strategy A. Table 9 gives the total number of passes for strategies A to F.
The machining time for one pass depends on the width (w) of the workpiece and the feed rate (V f ). For this case, the width is 70 mm, which is the same for all passes. The feed rate depends on the feed rate per tooth ( f ), the number of flutes on the cutter (N), and the spindle speed (n). The feed rate per flute is taken as 0.1 mm/flute. The number of flutes on the cutter is four and the spindle speed is 3000 rpm in the analyses. The feed rate in mm/s can be calculated as: Thus, the total machining time depends on the number of cutting steps. Note that the non-cutting times for tool positioning are neglected since they are usually small, but they may add up to be considerable if the number of steps is very high. The machining times for the six strategies are also listed in Table 9 . It can be seen from this table that for the same radial depth of cuts, step removal strategies require much less time than the layer removal strategies. It can be concluded that step removal is superior to layer removal in terms of productivity. For layer removal, the productivity decreases if the thickness removed in the rough cut is increased and the thickness removed in the semi-finishing and finishing cuts are decreased. In the step removal strategies, increasing the thickness removed in the rough cut and decreasing those in the semi-finishing and finishing cuts, increases productivity.
Conclusion
The analytical procedure developed in this study is practical for the prediction of workpiece dynamics at different stages of machining. It is shown that the change in the dynamics of the workpiece may affect the stability limits substantially. Predictions of the dynamics of the workpiece are performed by the procedure developed. The productivity of different production strategies is compared using the method.
